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equation in the two independent variables, ¥; and . In
addition, by forming the functions

AV <a1AV2>1/2 Ve

r
=2 A9
le u ( )

1 a

in Eq. (A8) the entire solution can be reduced to two input
parameters: aso/ar [or (Vei/Ves)?] and x. The optimization
is thus made independent of the planet and of the initial
planetocentric velocity V ;.

Appendix B: Periapsis Transfer

If it is required that the impulse be applied tangentially
at the periapsis, the equations of Appendix A are greatly
simplified. When 5, = 5, = 0, it can be shown that

7 _ (ax/a)(singe/singy) (tan®ys/tan®ys) — 1

o tanZy, [(sinyy/siny,) — 1] (B1)
k=1 + ¢ (B2)

. 1
Sln¢1<m - 1) =1 (B3)

Eliminating r/a; from Egs. (B1) and (B2) produces an ex-
pression relating ¥ and y,:

sinys,

(@o/ar) + [1 — (as/a1)] sinys

siny; = (B4)

Finally, the requirement that the impulse be tangential is
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expressed by
cosfy = cosfy (B5)

and the equation for AV/V . becomes

A i
~V=<1+‘ﬂ+ X

Ve 12 r/o
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From Egs. (B2) and (B4), the constraining equation is

¢) . Sinkl/z
YT (m/a) + (L~ (ag/a))] sings

sin(k —

(B7)
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Derivation of Nodal Period of an Earth Satellite and
Comparisons of Several First-Order Secular Oblateness Results
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The Martin Company, Baltimore, Md.

An expression for nodal period is derived teo first order in the perturbed gravitational po-
tential of an oblate earth spheroid, i.e., to order J and for small eccentricities e = O(J;). First-
order secular effects on satellite motion around an oblate earth, as obtained by various authors,

have been compared and found in agreement.

However, some disagreement exists in the

expressions obtained for the anomalistic and nodal period of satellite motion by various au-
thors. A consistent set of expressions for these periods is recommended for use in orbital

calculations.

Nomenclature

semimajor axis

semimajor axis of a Keplerian orbit; unperturbed
semimajor axis

mean semimajor axis of a perturbed orbit

constant defined by Eq. (8)
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= eccentricity, with a varying interpretation by different
authors

eccentricity constant

earth’s flattening ~ 1/298.25

satellite altitude

average satellite altitude in the region 0° < g < 360°

average orbit inclination about which ¢ varies peri-
odically; 7, is measured positive in counterclockwise
direction from due east on the equator to orbital plane
at the ascending node, so that 0° < 7, < 180°

second zonal harmonic coefficient in the expansion of
earth’s gravitational potential 1.08228 X 103

constant defined by Eq. (3)

mean motion of an unperturbed satellite orbit

perturbed anomalistic mean motion of a satellite
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ng = perturbed nodal mean motion of a satellite

Ny = mean motion in the oblate spheroidal coordinate p

P = angular momentum per unit mass about the polar axis,
a constant of the orbit

P = semilatusrectum of a Keplerian orbit

P = mean semilatus rectum of a perturbed orbit, P =
li(]. - 602)

r = instantaneous orbital radius

o = orbital radius constant of a Keplerian orbit, equivalent
to P

7 = perturbed orbital radius constant, which is related to p

R, = equatorial radius of the earth, 3443.927 naut miles

t = time

forb = time in orbit

B = instantaneous central angle measured from mean line
of nodes; measured positive in direction of satellite
motion

" = gravitational constant of earth, 1.407645 X 10 {t3/sec?

p = oblate spheroidal coordinate '

ar = time for satellite to traverse the angle (dw/di)AT

Tr = anomalistic period of satellite

78 = nodal period of satellite

® = angle of perigee, i.e., angle from ascending node to
perigee

dw/dt = secular rotational rate of the perigee

Q = instantaneous position of the line of nodes

dQ/dt = secular regression rate of the mean line of nodes

Introduction

HE closed orbit of a satellite about a spherically sym-

metrical central body, and having no perturbing forces
acting on it, is a fixed circle or ellipse in a fixed plane. The
period of motion is the same, regardless of the reference
chosen. This type of motion will be known as unperturbed
or Keplerian satellite motion. Oblateness of the central
body tends to make a twisted space curve out of the satellite
orbit.

The analytical methods for determining the effect of oblate-
ness perturbations can be classified as follows: 1) integrate
the equations of motion directly by an analytical expansion,
and 2) map the satellite orbit, by either of two available
methods, as a plane curve on the orbital plane which, at
any instant, contains the satellite radius and velocity vectors.
In this orbital plane, either approximate the trajectory
by an osculating ellipse and obtain results by the method of
variation of parameters (astronomical approach), or try to
assume the actual equation of the plane curve, which repre-
sents a succession of satellite positions, to approach the de-
sired accuracy (Struble).

The satellite trajectory in this orbital plane is very nearly
a circle or an ellipse, because of the small oblateness of the
earth. To first order in oblateness (using terms to order J
in the expansion of the gravitational potential, as given by
Jeffreys!), the orbital plane precesses around the polar axis
at a variable rate (nodal regression). In addition, the line
of apsides defining the orientation of the satellite trajectory
in the orbital plane rotates in this plane at a variable rate

(apsidal rotation). The mean motion, or the average rate -

of rotation of the satellite in the orbital plane, now depends
on the orbital inclination that results in an oblateness cor-
rection to the period of the unperturbed motion.

There now are different values for the period of satellite
motion, depending on what reference is chosen for the deter-
mination of the period. The variables, other than ©,w, and
7, appearing in the description of satellite motion may de-
pend on the orbital inclination or, at most, undergo periodic
variations to first order in oblateness. This motion of the
satellite in the potential field of an oblate central body will
be known as perturbed motion.

The general problem of perturbed satellite motion about
an oblate earth has been studied extensively. It has been
shown? that, at least for small eccentricities ¢ = O(J), the
first-order periodic variations in satellite radius obtained by
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the various authors are in agreement. A number of them
(Refs. 3-15) have obtained expressions for either the nodal
period, the time from one ascending node to the next, or the
anomalistic period, the time from one perigee to the next.

In this work, the first-order theory of Struble!® 7 was used
to derive an expression for the nodal period for the case of
small eccentricity. The nodal period is more advantageous
than the anomalistic or sidereal periods for use in computa-
tions, particularly in the case of near-circular or circular or-
bits, where the position of the perigee is difficult to define.
The expressions for 1) the motion of the line of nodes, 2)
apsidal motion, and 3) the anomalistic and nodal periods,
as obtained by the various authors, are compared, and a con-
sistent set of expressions is recommended for use.

Derivation of the Nodal Period,

According to the first~order theory of Struble,® the vari-
ation of orbital central angle 8 with time ¢ is given by

dat/dB = (k/p)r* M

where for small eccentricities ¢ = O(J,) the radius r can be
written

r=7 1 —ecos(B — w) + (Jo/4) (R./To)? sin%; cos28] (2)
k = cosip[l — $J2(R./Fo)? cos%,y] = const 3)

w is the angle from the ascending node to perigee, %, is the
mean orbital inclination, 0° < 4, < 180°, R, is the equatorial
radius of the earth, and p is a constant (the angular momen-
tum per unit mass about the polar axis), which is related to
the radius constant 7 as follows:

I 3@(@)2<1+;ﬁ> @ — 3sin%) (&)

To
Squaring Eq. (2) and neglecting terms of the order of J2, then

r? = 721 — 2e¢ cos(B — w) +
(J2/2)(Rs/To)? siny cos2B]  (5)

Since the term 1/p appears in Eq. (1), then solving for 1/p
from Eq. (4), one can obtain

1 _ 1 § _IE'_’ 2 _ . 1/2
A K () e-sww]” ®

In addition, dw = bdB, where
b= % Jg(Re/T_o)Z(s COS2’L.() - 1) (7)
Then, to find w explicitly as a function of 8, take

f:dw=bﬂﬁdﬁ ®)

w— o = bBorw=2>503+ w (9)

from which

where wy is the initial value of wat 8 = 0.

Substitute 1) the expression for w from Eq. (9) into Eq.
(5) and 2) the expression for 72 from Eq. (5) into Eq. (1).
Then, integrating Eq. (1) from 8 = 0 to 2x and from ¢ = 0
to 7, to get the nodal period 7,

T8 _ZCE 2r _ _ _
fo dt—pfo {1 2 cos[B(1 — b) — w] +

% Jy Cj—')?‘ sin% 00s2,3} dag  (10)

To

The integral of the last term is zero, so that after integration
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kfo S .
TR = » 27 + 26 3 [sin27b] +

SiIlwo
2e 1= [cos27d 1]}

Since 2md = dw/dt rad/rev, then

k7
T8 = ka? {2 -l- 3 [si.n(wo + %) — Sinwo:l} (11a)

Y4
]CTO i
T8 = » {2 + — A(smwo)} (11b)

or

Now the maximum dw/dt ~ 0.3 deg/rev, and the maximum
A(sinwyg) oceurs at wy = 0. In this case,

maxA(sinwg) = sin(ws + dw/dt) — sinw, = 0.004 = O(J)
(12)

Hence, the second term in Eqs. (11) becomes of the order of
O(J?) for small ¢, and can be neglected to first order, so that

75 = 2wki/p (13)

Now, substituting for p from Eq. (6) and for k from Eq. (3)
and dropping terms of O(J?), then, for e = 0(J),

T8 = (Z;n Rl {1 Bl _J2< >2 (7 costio = 1]} (19

which agrees with the nodal period given by both Sterne® and
King-Hele® for this case.

It is interesting to note that, for small eccentricities, 7o has
the physical significance of being the average orbital radius
about which r varies periodically, as can be seen from Eq.
(2). In addition, the forementioned expression for nodal
period is valid for circular as well as for near-circular orbits.

Discussion of First-Order Secular Oblateness
Results

The secular change of satellite orbital characteristics due
to earth oblateness is of major interest, since it is often de-
sired (for mission planning) to obtain the average satellite
behavior over a long period of time. In the following, several
first-order secular oblateness results will be discussed in
detail.

The mean rate of nodal regression to first order has been
found by many authors: KXozai,® Brouwer,* Groves,3
King-Hele,® Blitzer,!* Vinti,® Anthony,® Jaramillo,? and
others. In units of degrees per nodal period (time between
successive ascending nodes), it is

dQ R;2 . deg

d =540/ a*(l — e?)? 005t nodal period
Since d¥/dt = O(JdB/df), any one of the following expres-
sions can be used to first order in the denominator of Eq.
(15) and also in Egs. (16~18):

a2(1 _ e2)2, a02(1 — 62)2} d2(1 — 62)2’ pz} 132’ 7«02’ Fo?

(15)

The value of d/dt is negative for a direct orbit (i, < 90°),
i.e., it is a shift toward the west, whereas d$2/dt is positive for
a retrograde orbit (4 > 90°). The nodal period is chosen
here beeause the orbital central angle 8, measured from the
ascending node, increases by 360° in one nodal period, and
the ascending node is an easily identifiable point in all orbits
with the exception of the equatorial where it can be fixed
arbitrarily and the regression rate obtained by a limiting
process as 1 — 0° or 180°.

Struble and Campbell’” obtain the instantaneous line of
nodes to first order. By replacing their variable r, by a(1 — €%
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[ef., Eqs. (17) and (25), Ref. 16], one obtains

3 R.:2 R 1.
Q= — ész COS8%y l:ﬂ — éSHlQﬂ +

esin(B — w) — ée sin(38 — w) — é esin(@ + w):l (16)

If one considers the change in € during one nodal period, the
mean regression rate given by Eq. (15) can be derived from
Eq. (16).

Similarly, the mean rate of apsidal rotation to first order
has been found by many authors (Kozai,® Brouwer,* Groves,?
King-Hele, Blitzer,! Vinti,® Anthony,® Jaramiilo,}? and
others) in units of degrees per nodal period:

do _ R.: 5 costiy — 1 deg
Z 5407, ol — &) ( 2 ) nodal period (17)

For near-polar orbits the perigee regresses, i.e., it moves
against the direction of satellite motion, whereas for near-
equatorial orbits the perigee advances, i.e., it moves in the
direction of satellite motion. The inclination angles at
which 5 cos?y — 1 = 0, or 7, =~ 63.45° and %, =~ 116.55° are
known as critical inclination angles. Near the ecritical in-
clination, when 5 cos%y — 1 = O(J3), a first-order theory is
insufficient to describe the apsidal motion, so that Eq. (17)
does not hold. Garfinkel,** =2* Hori,?? Hagihara and Kozai,??
and Struble!® have found that near the critical inclination the
apsidal motion consists of an oscillation about the points of
maximum latitude in either hemisphere.

It should be kept in mind that for near-circular orbits,
when e = 0(J), the geocentric radius 7 at the central angle
B8 = w is not necessarily a minimum. For circular orbits
(e = 0), the perturbed satellite geocentric radius describes
3 fixed ellipse about the oblate earth, with center at the center
of the earth, minima at the points of maximum latitude and
maxima at the nodes (see also Izsak?%). One can still define
an arbitrary initial  for purposes of calculation and give
the apsidal rotation by Eq. (17) in the limit for the circular
case, although the minimal 7 occurs at fixed points in the
orbit.

Struble and Campbell,” with a slight change of notation,
give

dow 5 cos%y — 1) (18)

Rdz
dB 2J2a2(1 — en)e ( 2

which can be shown to reduce to Eq. (17).

Now turn to the various periods used in the description of
satellite motion. Kepler’s third law relates the mean motion
of the unperturbed satellite orbit, ne[rad/sec], to the unper-
turbed semimajor axis da,

nefae® = u (19)

where u is the gravitational constant of the central body.
The period associated with unperturbed satellite motion is
= 27 / Ng.

In perturbed satellite motion or when first-order per-
turbing forces due to earth oblateness act on the satellite,
one can define three, in general distinet, periods of motion:

1) The anomalistic period, 7, the time from one perigee
to the next. In that time the elliptic angles (true, mean, and
eccentric anomaly) increase by 360°, whereas the central
angle 8 increases by more or less than 360°, depending on
whether the apsidal rotation is against or in the direction of
satellite motion.

2) The nodal period, 78, also called draconic period, the
time from one ascending node to the next. In that time,
the central angle 8 increases by 360° since 8 is measured
from the instantaneous position of the ascending node.

3) The sidereal period, the time between successive closest
approaches of the satellite to the same point in inertial space.
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In artificial satellite theory, the sidereal period is less im-
portant than the other two periods. It is rarely used and
will not be discussed any further here.

In many satellite calculations, especially in approximate
ephemeris prediction, it is more eonvenient to use the nodal
period than the anomalistic period. Unfortunately, how-
ever, differing expressions have been obtained for both in the
literature. Various expressions for the periods of perturbed
satellite motion will now be discussed.

Kozai,? Brouwer,? and Groves!?

These authors use the astronomical approach. It is con-
venient to introduce a mean semimajor axis @ for perturbed
satellite motion (Kozai):

a = G {1 _ _3J:EZ (3 COSZ;“ - 1) 1- 32)1/2} (20)

%2(1 —_ 62)2

The perturbed anomalistic mean motion to first order can be
given in terms of ny (Kozai, Brouwer, Groves) as

2J:.R 2 3 cos2y — 1
d2(21 — e?)2 ( 20 ) - 62)”2} (21)

where @ and n, satisfy the following defining relation for a:
37.R.2 o
S = M{l __ 3J:BRA 3 cosY 1} 22)

ax(l — er)3 2
If one compares Eq. (22) with Eq. (19), then the “effective
gravitational constant” of the central body, as given on the
right-hand side of Eq. (22), varies with the orbital inclina-
tion, due to the oblateness of the central body.
The anomalistic pariod can be obtained directly from Eq.
(22):

27 2J.R.2 3 cos¥y — 1
T’—;L: = (u )1/2( )”{1"!_@2(; 2)3/2( 40 >}
(23)

At inclination angles of 7 ~ 54.7 deg and ¢, ~ 125.3 deg,
3 cos%y = 1 and 7, = 7. Physically, this is due to a com-
bination of the assumed mass distribution of the earth and
the apsidal rotation at these inclination angles.

n,=n0{1—|—

Struble® 17

Struble’s unperturbed 7, is- the semilatus rectum P =
a(1 — €?) of a Keplerian orbit, as can be seen by direct com-
parison of Eqgs. (17) and (27) in Ref. 16. Its perturbed value,
7o, 18 given in Eq. (28) of the same reference. It is defined
in terms of the angular momentum about the polar axis by
HEq. (4), and it can be rewritten as

. 3 E.\? 3 cos’y — 1 e?

For circular orbits (¢ = 0), one finds from Eqgs. (20) and
(24), that 7, = @ = P, where P = a(1 — e?) is the perturbed
semilatus rectum, and Struble’s results agree with those of
Kozai. This holds true also for near-circular orbits, so long
as ¢ = O(Jy). This cannot be said for larger eccentricities,
since the meaning of e is not the same in the astronomical
approach, where it is the variable eccentricity of the osculat-
ing ellipse or an eccentricity constant, as it is in Struble’s
approach, where e is a constant to first order in J describing
the curve traced by the satellite in its orbital plane. The
nodal period in terms of 7, for ¢ = O(J;) was obtained in
Eq. (14).

From the first two forementioned groups of authors and
from Keplerian motion, it is evident that the variables g,
., Fo, Tr, and 75 depend on the orbital inclination %, whereas
t_he unperturbed values of ay, ng, 7o, and 7, are independent of
7.
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Sterne?? and Garfinkel-20

Sterne, Garfinkel, and Vinti use the astronomical approach
and define an intermediary orbit, i.e., the orbit of a satellite
in a potential field other than, but similar to, the one for
the earth, For this intermediary orbit, which clos:ly ap-
proximates the perturbed orbit, Sterne obtains expressions
for the anomalistic and nodal mean motions in Ref. 9. The
periods corresponding to these mean motions are

27r R,
= 2 o O g X
|:3 cos:) -1 (1 —(1— 2)1/2)3 coszo 1]} ©5)
27!' 3/2 Re2
8 = = ('u)uz( ay¥ { J2 —2(1 e?)2 X
7 cos¥y — 1 .
[———4—-—— + Z (3 cos%y — 1)]} (26)

Comparison of Eqs. (23) and (25) shows that Sterne has an
additional term
Rz 3 cos?y — 1
‘]Z a1 — e2)?? 4

1 —@O—e)r] (27)

in his expression for the anomalistic period. This term van-
ishes for ¢ = 0, it is nearly zero for small eccentricities, and,
even for e = 0.1, it is only 0.5, of Kozal’s perturbation term:
Rz 3costy — 1

Taa—am  a (28)
Hence, Eq. (27) may be considered of second order for e <
0.1. Because of the assumptions and techniques employed
by Kozai, Brouwer, and Groves, the form Eq. (23) is to be
preferred for the anomalistic period.

The nodal periods, Egs. (14) and (26), can also be com-
pared to first order so long as e < (J2)¥? and so long as the
different definitions that Struble and Sterne, as well as Kozai,
Brouwer, and Groves give for e are kept in mind.

Vintis”

Vinti introduces a gravitational potential for his inter-
mediary orbit, which accounts for all the second-zonal har-
monie (first order in oblateness) and more than half of the
fourth-zonal harmonic in the earth’s gravitational potential.
His results in the mean motion in the oblate spheroidal co-
ordinate p and in the nodal mean motion, with a slight change
in notation, are

ne = 1 + 02 (29)

SLRA (10 cos¥ — 2
ng =n {1 + o 62)2< OOSZ“ >} (30)

Vinti obtains the result (Ref. 7, p. 190) that the p perigee,
in oblate spheroidal coordinates, and the r perigee, in spherical
coordinates, rotate with the same rate relative to the ascend-
ing node (apsidal rotation) to first order in J. Hence, it
would seem appropriate to use n,, as obtainable from Eg.
(22), for n in Kqs. (29) and (30). With this reinterpretation

" of n, the anomalistic period is given by Eq. (23), and the nodal

period can be written to first order, as

Lo omaw f TR
= ng  ul? a(l — €e)?
2y Y —
[10 cos47,0 2 3 cosi':) 1 (1 — e2)1/2]} 31

For small e the nodal period becomes

_ 2 1 3J.R2 T cos¥y —
TE W T e e 4

1} (32)
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King-Hele? 14

By using a method similar to Struble’s, King-Hele [Ref. 5,
Eq. (73)] obtains the following first-order expression for the
period in terms of the mean semimajor axis @, if the eccen-
tricity e < (J)V2:

2r 3J.R.2 7 cos¥g — 1
T8 = ()2 (@3 {1 - = ;2 4 } 33)

In terms of the perturbed mean semilatus rectum P = a(1 —
¢?), King-Hele obtains the following expression for the period
[Ref. 5, Eq. (71)]:

27
()12

For small e, King-Hele’s expressions for 74 agree with those
derived from Struble’s, Sterne’s, and Vinti’s results.

- 2 3J,R.2 -
T8 = Pz {1 + %3_ _ B3B3 T cos’i 1} 34)

P 4

Blitzer,%1! Weisfeld,® Wheelon!®

Blitzer [Ref. 11, Eq. (14)] obtains the nodal period for
circular orbits by a direct integration method and under
the assumption that the radius ry remains constant during 1
rev. His result, for e = 0, with a change in notation and
use of 7, = 2m/n,, becomes

2r 3 R.? [3cosky— 1 1 e g
= oy ,03/2{1 — 5 o <-———2—— + | costo] sm%)}
(35)

Unfortunately, this result does not agree with the previous
expressions for 7g. This seems to be due to Blitzer’s as-
sumption, in his integral, of a constant r, throughout a
revolution, whereas 7, undergoes variations to order J which
cannot be neglected in a first-order determination of 7.

Jaramillo12

Jaramillo obtains the change in anomalistic period due to
drag and oblateness for a circular orbit by a direct integra-
tion method. Jaramillo’s average value for anomalistic
period for one complete revolution (neglecting drag effects),
as derived from his Eq. (64), with some change in notation,
is

2T 9 RS . ..
T, = e Fo3/2 {1 — éJz o sin% cos2wo} (36)
while the value derived from his Eq. (I-151) becomes
o2 9 RS . ..
T, = (7;)1—/2 To¥/? {1 — ;Jz rfo; sin% cos2wo} (87)

These expressions do not agree with each other, nor with
the expressions for 7. obtained by other authors. It is not
clear whether the mean radius ry or 7 is used and how wy,
which Jaramillo defines as the longitude of the perigee point
in the unperturbed orbit as measured from the ascending
node, enters into the perturbed anomalistic period.

Sturms!®

Sturms [Ref. 15, Eq. (23)], by use of the astronomical
approach, obtains the nodal period for a “circular” earth
satellite in terms of quantities of the unperturbed orbit:

2 2y
78 = 7o {1 -3, (%) Hoost Z 5L (39

2

Two peculiarities of Sturms’ method are 1) that he defines
circularity in terms of the instantaneous zero osculating
eccentricity, i.e., the radius-time history of the “circular”
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orbit varies, depending on the initial central angle 8, and 2)
that he defines the perturbed orbit as one with the same
angular momentum as the unperturbed orbit. If one uses
this interpretation of the perturbed orbit, then the angular
momentum per unit mass of the unperturbed circular satellite
orbit is (uag)'/?, and King-Hele’s result [Ref. 5, Eq. (74)]
agrees with Sturms’ result, Eq. (38).

Acceptable Formulations for v» and 73

Use of the anomalistic period has the advantage of it being
independent of perigee location. Two serious disadvantages
are that the perigee location changes with time, and that
for near-circular and circular orbits the perigee is hard to
define from observations and not necessarily the point of
minimum geocentric radius.

Use of the nodal period eliminates these two disadvantages
since the equatorial crossing is an easily defined point in
elliptical or circular satellite orbits. Loosely speaking, the
time between two successive crossings of any parallel of
latitude in a given direction can be regarded as a nodal period.
However, its use in satellite position prediction has the slight
disadvantage that it is the anomalistic period plus the time
A7 it takes the satellite to traverse the angle (dw/dt)Ar.
The value of A7 depends on o and ¢, and hence the nodal
period experiences a second-order long-periodic oscillation
(Ref. 14). Neglecting this small oscillation corresponds to
the approximation of Eq. (12) in the present derivation of the
nodal period. All presented expressions for 75 give the mean
value of the nodal period, i.e., they give the secular value of
7 due to earth oblateness.

The problem, then, is to decide which forms of the anoma-
listic and nodal periods one should use. The forms for 7g and
7, given by Blitzer, Weisfeld, Wheelon, Jaramillo, and Sturms
will be disregarded for the reasons stated. Expressions ob-
tained by Kozai, Brouwer, Groves, by the authors from
Struble, by Sterne, Vinti, and King-Hele for the anomalistic
and nodal periods agree for a circular orbit. For near-
circular orbits, with ¢ = O(J,), the answers are expected to
differ by less than one part in 10%. For larger eccentricities,
the answers these authors obtained begin to diverge more
and more

In the following, @ is the mean semimajor axis of the per-
turbed orbit, 7 the perturbed orbital radius constant, % the
inclination constant, and e, the eccentricity constant, such
that for a given set of 4y and 7 or 4, d, €, the radius-time
history of the orbitis fixed. The form

2 3 R 3 cos?y — 1
e {1 e (M) 00

will be assumed as basic for the anomalistic period, since it
has been obtained by several authors who used differing
techniques.

As long as e, = O(J), any of the forms given for the nodal
period can be used to first order in oblateness. It is sug-
gested that the forms derived by the authors from Struble

2T 3 R.\? 7 cosiyy — 1
8= o Fo¥l {1 -2 <a> ~——4-’*} (40)

or the one of Vinti, valid for small e,

2 . 3 B> 7 cos%y — 1
= - 78/2 —_—
T8 (wyve a {1 2‘]2 (1 — e?)? ( 4 >} (41)

be used, depending on whether Struble’s method or the astro-
nomical method is followed in the ca'culations.

The compatibility of the expressions, Eqs. (39-41), for 7,
and 74 can be checked by computing time in orbit with them.
Consider the limiting case of a circular orbit at arbitrary
altitude and inclination. In a circular orbit ¢y = 0, G = #,

Ty =
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Table 1

torb [from 7, as given o [from 73 as given

torp [from = as

_ by Eq. (39)], by Eq. (31)], given by Eq. (41)],
Orbit no. € a, naut miles P, naut miles 7, deg sec sec sec
1 0.1 4443 .927 4399.48773 15 4,070,203 4,070,225 4,070,215
2 0.5 7443.927 5582.94525 45 34,754,300 34,755,020 34,754,660
3 0.1 4443 .927 4399.48773 80 17,593,670 17,593,625 17,593,645
4 0.9 9500. 00000 90 2.628,940 X 10° 2.628,781 X 10° 2.628,860 X 10°

50000.000

“and the time difference between the anomalistic and nodal
periods can be related to the angle by which the perigee ad-
vances or regresses with respect to the ascending node. If
one divides (v, — 7g) by 2wu~Y%,%? to obtain oblateness
effects on the period in nondimensional form, then from
Eqs. (39-41),

Tr — T8 _§ 1&25COS2’I:0—1
w1 () () @

Similarly, if the advance or regression of the perigee per
nodal period is divided by 360, the oblateness effects can be
obtained in nondimensional form from Eq. (17):

dw/dt N Zi, 2/5 cosy — 1
360 — (ro ) ( 2 > (43)

The right-hand sides of Eqgs. (42) and (43) agree, thus indi-
cating that the total time in a circular orbit, fom, is the same
whether measured in terms of nodal or anomalistic revolu-
tions.

For elliptic orbits, ¢, 5= 0, the comparison of b, as meas-
ured in terms of nodal or anomalistic revolutions cannot be
performed analytically, because the divisor in eccentricity
is (1 — €9)%?in the expression for the anomalistic period and
(1 — ep)? for the nodal period. Some numerical checks were
made on the compatibility of the expressions for 7, and 75
for four elliptic orbits with large ¢ and varying values of 4.
The number of revolutions it takes for the perigee to advance
or regress 360° was established, thus determining a fixed
number of anomalistic revolutions and a time in orbit from
Eq. (39). At this moment, the number of nodal revolutions
differs by one from that of the anomalistic revolutions, and a
time in orbit can be calculated from Eq. (41). The difference
between the time in orbit calculated by these methods is a
measure of the compatibility of these two expressions. The
result of these calculations, carried to ten places on the Friden
calculator and by use of the constants B, = 3443.927 naut
miles, u = 1.407645 X 10% ft3/sec?, and J = 1.08228 X 1073,
is shown in Table 1. ‘

The time in orbit consistently closest to the one calculated
from Eq. (39) for 7, is obtained by use of Eq. (41) for 7s.
Equation (31) for 7s derived from Vinti and Sterne’s ex-
pression and Eq. (26) for 73 have been found to give a more
divergent time in orbit from the one calculated by use of
Eq. (39); in Sterne’s case it is probably due to the particular
form of the intermediary potential used. Hence Eq. (41)
for 78 derived from Vinti’s results is recommended for use
together with Eq. (39) for 7, obtained by Kozai, Groves,
and Brouwer when first-order oblateness effects are con-
sidered. The expression for 75 derived here, Eq. (40), is
compatible with Eqgs. (39) and (41) if f,=P.

The numerical comparison in Table 1 indicates that the
recommended expressions for 7, and 7 are also relatively
compatible for large ¢, the difference being less than 1 part
in 10° for ¢ = 0.1, 0.5 and 3 parts in 104 for ¢ = 0.9. A fu-
ture paper will present a derivation of the nodal period
from Struble’s results for arbitrary e;.
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